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ABSTRACT

We study the structure of a stationary and axisymmetric charge-deficient region (or a
potential gap) in the outer magnetosphere of a spinning neutron star. A large electric field
along the magnetic field lines is created in this potential gap and accelerates migratory
electrons (e~) and/or positrons (e¢*) to ultrarelativistic energies. Assuming that the gap is
immersed in a dense soft photon field, these relativistic e radiate y-ray photons via inverse
Compton (IC) scattering. These y-rays, in turn, produce yet more radiating particles by
colliding with ambient soft photons, leading to a pair-production cascade in the gap. The
replenished charges partially screen the longitudinal electric field, which is self-consistently
solved together with the distribution of e and +y-ray photons. It is demonstrated that the
voltage drop in the gap is not more than 10'® V when the background X-ray radiation is as
luminous as 10*” ergs™'. However, this value increases with decreasing X-ray luminosity
and attains 10'> V when the X-ray radiation is 10*®ergs™". In addition, we find useful
expressions of the spatial distribution of the particle fluxes and longitudinal electric field,
together with the relationship between the voltage drop and the current density. Amazingly,
these expressions are valid not only when IC scattering dominates but also when curvature

radiation dominates.
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1 INTRODUCTION

The study of pair plasma production in a pulsar outer magneto-
sphere is astrophysically interesting in the context of high-energy
emission from isolated spin-powered pulsars. If the magneto-
sphere is filled with a plasma so that the space charge density p. is
equal to the Goldreich—Julian charge density [pg; = QB,/(27c)
in the non-relativistic limit, Goldreich & Julian 1969], then the
field-aligned electric field vanishes by definition, where B, is the
component of the magnetic field along the rotational axis.
However, the depletion of charge in the Goldreich & Julian
model in a region where it cannot be resupplied may cause a
vacuum region to develop. Holloway (1973) pointed out the
possibility that a region that lacks plasma is formed around the
surface on which the Goldreich—Julian density pg;y changes its sign.

Chen, Ho & Ruderman (1986a,b hereafter CHR) developed a
version of the outer magnetospheric y-ray emission zone in which
acceleration in the Holloway gaps brings the particles to large
Lorentz factors (~ 1073). These primary particles produce high-
energy 7y-ray photons, some (or most) of which collide with soft
photons to materialize as secondary pairs. The resulting secondary
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charges suffer strong synchrotron losses to emit secondary
radiation. The secondary photons, in turn, materialize as low-
energy tertiary pairs, which were argued to produce the soft
tertiary photon bath needed for the original gap closure.

However, few attempts have so far been made at the
construction of self-consistent electrodynamic structure for outer
gap models. For example, CHR assumed a uniform potential drop
so that the acceleration field was ~ Vg, /rLc, Where Vi, is the
voltage drop in the gap and ry ¢ is the light cylinder radius. For a
spinning neutron star with angular frequency Q (rads™ "), r ¢ is
given by

re = é = 1050, " em, )

where Q, =Q/10%rads™!, and c¢ is the speed of light.
Subsequently, Romani (1996) assumed its functional form as
~ r~! and computed y-ray pulse profiles, spectra, and so on. It was
Hirotani & Shibata (1998, hereafter Paper 1) who first solved the
spatial distribution of E}; explicitly together with those of particles
(™) and vy-ray distribution functions, by solving the Poisson
equation and the Boltzmann equations of e™s and y-ray photons
self-consistently (see also Beskin, Istomin & Par’ev 1992; Hirotani
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& Okamoto 1998 for the same method applied for a black hole
magnetosphere). They considered an outer gap immersed in a
relatively low-luminosity background radiation field, in which
curvature radiation contributes to y-ray production.

In this paper, we extend the method proposed in Paper I to a
magnetosphere that is immersed in a luminous photon field in
which inverse Compton (IC) scatterings are the dominant process
for y-ray production (Fig. 1). In the next section, we present basic
equations describing the system. We then solve these equations in
Section 3 and reveal quantitative characteristics of the pair-
production cascade. In this paper, we assume an aligned rotator for
simplicity. Some authors, however, think that aligned rotators are
inactive with static electrosphere (Michel 1998), and this issue is
controversial. Nevertheless, the present model is generic in the
sense that what we consider is the dynamics around the null
surface when the current pierces through it; therefore, the result is
applicable to oblique rotators. This point will be discussed in
Section 4. In this final section, we also present empirical but
useful expressions of the spatial dependence of particle fluxes and
E), together with the relationship between the voltage drop and the
current density.

2 PAIR-PRODUCTION CASCADE IN THE
OUTER GAP

We first reduce the Poisson equation into a one-dimensional form
in Section 2.1. Next, we introduce a model of the power-law
background radiation field in Section 2.2. We then present a one-
dimensional description of e* and 7y-ray distribution functions in
Section 2.3, and impose suitable boundary conditions in Section 2.4.

2.1 Reduction of the Poisson equation

As discussed in section 5 of Paper I, transfield structure does not
play the primary role in the gap closure problem in the present
paper; this contrasts strikingly with CHR, in which the single-
signed curvature of field lines results in an exponential growth of
particle number densities in the transfield direction of a
geometrically thin gap. We therefore consider a one-dimensional
gap structure along the field lines for simplicity, neglecting all the
transfield dependence of quantities.

Suppose that the magnetic field lines are straight lines parallel
to the x-axis (see fig. 1 of Paper I). Here, x is an outwardly
increasing coordinate along a magnetic field line. Expanding
pai(x) around the null surface located at the origin, x = 0, we can
write the Poisson equation in the form

d’® _ ap
g AT [e(N+ -N)— (T;J) Ox} , 2)

where N, and N_ are the spatial number densities of e* and e,
respectively; e refers to the magnitude of the charge on the
electron. The subscript O indicates that the derivative is evaluated
at x = 0. (In Section 4, the neglect of transfield derivatives on the
left-hand side will be justified in accordance with the small
longitudinal gap width.)

As described in Paper I, it is convenient to non-dimensionalize
the length-scales by c/w,, where the plasma frequency w, is
defined by

4me? OB
wy = % =1.875x 107QY?BY? rads™"; 3)
me 2mce

the magentic field is evaluated at the null surface such that
Bs = B/10° G = 1.76u3,{),, where py0 = (/100 Gem?) is the
dimensionless dipole moment of an aligned rotator. Introducing
the dimensionless coordinate variable

£= %x = 6.25% 10740}/ Bl “)

we can simplify the Poisson equation (2) to the form

de

Ei=—43¢ ®)
and
dE
ag O - n© - ag (©)

where the dimensionless electrostatic potential and electric field
are defined by

@
oo =""2 ();) ; (7
mecC
__de_ e d®
Ey = dé mecw, dx ®
_ _s (d®/dx 1
=3.12x10 (V/m)@’ )

and the particle densities are normalized in terms of the
Goldreich—Julian density,

2ce
QOB

moreover, A is the dimensionless expansion coefficient of pgy at
the null surface and can be estimated as (Paper I)

A=L2*rrc pgr\ _ ¢
B w, QB \ ax J, wpR.

n=(§) = N=(x); 10)

_ R\ !
=1.1x107°0)*B; ' (W) . (11)
IILC

2.2 Background radiation field

Let us briefly describe the background radiation field. We assume
that the spectral number density of background radiation per unit
energy interval mec? e, ~ mec?(e + de) can be represented by a
single power law,

dN, -
d S = C(a)eg “ (€min < & < €max); (12)
€
where C(«) is a decreasing function of « and is defined by
2—a U.
@)= (13)
€max  €min MeC

€max and €.;, are the cut-off energy of the spectrum. In what
follows, we shall adopt

€max = 10keV /mec® = 1.95%x 1072, (14)
€min = 0.1eV/mec? = 1.95x 1075, (15)

Evaluating Uy at the radius r = 0.67r ¢, which is the intersection
of the null surface and the last open field line for an aligned
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Figure 1. A side view of a hypothetical outer magnetospheric gap which is
immersed in a dense soft photon field, which enables y-ray production via
inverse Compton scattering.

alpha=1.25

2 3 4 5 6
log Gamma

Figure 2. logof(I) versus log;oI". The solid lines represent the cases of
a = 1.25, 1.5 and 1.75 (from bottom to top), while dashed and dotted lines
correspond to @ = 2.0 and 3.0, respectively.

rotator, we obtain
U, = Ly /[4m(0.67r.c)*c] = 6.0 X 10" L3 Q3 ergem >, (16)

where L35 = L,/(10%ergs™") is a dimensionless soft photon
luminosity. If we adopt a = 1.5, for instance, Ny and L3 are
related by

1 U
Ny=—e— =375%x 107 L3505 cm 3. 17

4/ €Emin €max Me c?

For such a luminous backgroud radiation field, the radiation
reaction force resulting from inverse Compton (IC) scattering
dominates reaction forces from the curvature radiation and
synchrotron radiation (Appendix A).

The IC scattering limits the Lorentz factor of the e to the value
that satisfies

eld®/dx| = mycw,|Ej| = orUf (T, ), (18)

where f(I',a) is the coefficient describing the strength of the
Compton drag on a single € or e”. The coefficient f would be
unity if all the soft photons were to be scattered in the Thomson
regime. However, it becomes much smaller than unity in practice,
especially for large Lorentz factors or for hard spectra of the target
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photons (i.e. for small «). We present the derivation of coefficient
fin Appendix B, and depict its dependence on I' and « in Fig. 2.
The solid lines, which represent the three cases of oo = 1.25, 1.5,
and 1.75 (from bottom to top), decline with increasing I" roughly
linearly. On the other hand, the dotted line, which represents
f(T',3.0), stays at ~ 1 for small I' (< 10°). This is because almost
all the photons are scattered in the Thomson regime. We use
equations (12), (13) and (16) to calculate the pair-production
redistribution function, 7, in the next subsection.

2.3 Particle and y-ray Boltzmann equations

The particles in the gap are accelerated by E); and saturate at the
high Lorentz factor computed from equation (18). Therefore,
particle velocities are virtually =c¢ with vanishing pitch angles
(see Appendix A for details). This simplifies the continuity
equations of e™s significantly. Without loss of any generality, we
can assume that the electric field is positive in the gap, in which e*
(or e~ ) move outwards (or inwards). In rectilinear coordinates,
their continuity equations then become

dN 00
+efgt= | demeiGie) +6-tel, 19
oS = [ demeiGiume) G-t 20)

where G.(x,e,) are the distribution functions of y-ray photons
propagating in the =*x directions at 7y-ray energy meczey,
moreover, 7, is the angle-averaged pair-production redistribution
function defined by (Berestetskii, Lifshitz & Pitaevskii 1989)

1 €ma
cor max dvg 1
() = — J d J de , 21)
Moty 2 -1 K 2/(1-we, de /\p('v)

1
142 w2 — o), 22)
1—9o

:i .2 _ .4
—16(1 7)){(3 27)In

(23)

where w is the cosine of the colliding angle of the soft and the
hard photons.

Let us introduce a discrete form of <y-ray densities with a
system of grids B; in €, space such that

. 2mce [P
g.(5 = 2T J de,Gx(x, ). 24)
QB » Y Y.

i

We are concerned here only with 7y-ray photons that can
materialize as pairs. Therefore, we set By = 1/€ma, which
corresponds to the lowest vy-ray energy, hv= Byme.c’
26.2MeV. To cover a wide range of y-ray energies, we divide
the y-ray spectra into 12 energy bins, that is B; = 3.0/€max,
By =1.0X10"/€mnax, B3 =3.0X 10" /€max, By = 1.0 X 10?/€max,
Bs =3.0X10%/€max, Bs = 1.0X10°/€max, B7=3.0X 10 /€max,
Bs = 1.0 X 10*/ €max> By = 3.0 X 10*/€mnax> Bro = 1.0 X 10° / €maxs
Bii = 3.0X 10°/€max, Bip = 1.0 X 10°/ €z As will be shown in
Section 3.2, most of the y-ray photons have energies less than
hv = Bgnme.c> = 2.62TeV.

We can rewrite equations (19) and (20) in the dimensionless
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forms

d 4o .

dig =+ g, (O + ¢ (D), (25)
i=1

dn- uo A

G Lo +el @), 26)
i=1

where n; are evaluated at the central energy in each bin and are
defined as

_ L (BatB
= ) 27
Mp o np( 2 ; 27
n+(€) = (2mwce/QB)N«(x) is normalized with the same factor as
8+(8).

A combination of equations (25) and (26) yields the current
conservation law,

Jo = n(§) +n-(9). (28)

When j, = 1.0, the current density equals the Goldreich—Julian
current density, (LB/(27).

Let us next discuss the Boltzmann equations that the y-ray
distribution functions obey. In accordance with the one-dimen-
sional approximation, we can write the <y-ray Boltzmann
equations in form

0
iCaGt(L €y) = —m,G=(x, €) + NN+ (), (29)

where 7c(€,,I') is the Compton redistribution function, defined
by (see equation B1 and the explanation below)

e = CJ " 46 S oueile, — mini e, Dl (30)
€min €
_ I+z{2z(14+2)
o.(2) = a UT{ 2 |: 142z In(1+ 21):|
In(1+2) 1432
+ - . 31
27 (1+2z)2 } G

Integrating equation (29) in the energy intervals [mec?8; 1,
mcczﬁ i1, we obtain

d . o .
* dffg’i(f) = — 8% (&) + micn=(), (32)

where i = 1,2, ...,m and

) 1 (B
Me = o J deymic(ey, I) (33)
P -1

i

denotes the number of y-ray photons scattered by a single e* ore™
in the normalization length-scale c/w, between dimensionless
energy intervals 8;_; and (;.

2.4 Boundary conditions

To solve the differential equations (5), (6), (25), (26) and (32), we
must impose boundary conditions.

Let us first consider the conditions at the inner (starward)
boundary ¢= ;. In the same manner as we considered the
electrostatics in Paper I, we impose

Eé)=0 (34)
and
() =0. (35)

We further hypothesize that neither y-ray photons nor particles
enter from the outside of the gap, that is

gE)=0 (i=12,..m), (36)
and

n (&) =0, (37
which yields, with the help of the charge conservation law (28),
n—(&) = jo- (38)

We next consider the conditions at the outer boundary (§ = &),
which is defined so that E} vanishes again:

E (&) =0. (39)
In the same manner, at £ = &, we impose both

g (& =0 (=12,...,m (40)
and

n-(&) = 0. (41)

To sum up, we have 2m + 6 boundary conditions in total (34)—
(41) for 2m + 4 differential equations; thus two extra boundary
conditions must be compensated for by making the positions of
the boundaries, £ = &, and &,, free.

It follows from the basic equations (5), (6), (25), (26) and (32)
that the gap structure is described by the following four
parameters:

Jo=ne+n, 42)
T, 1 o Ly *B5 %, (43)
R, R. /B
— /= 44
c/wp o r.c Q ( )
and
a. (45)

The reader may notice here that equation (18) gives
[Eyl ocL36ﬂg/zB;1/2f(l", o)I'?, which implies that T' is related
to Ej through the second parameter alone. Moreover, even
though +y-ray photons are produced via IC scatterings, the
curvature radius appears through the expansion coefficient A in

equation (11).

3 STRUCTURE OF THE OUTER GAP

In Sections 3.1 and 3.2, we investigate how the solutions
depend on the dimensionless current density, j,. We then
describe the dependence on the pair-production mean free
path, oc 1/Lse, in Section 3.3 and that on the photon index, «, in
Section 3.4.

3.1 Longitudinal electric field

To aid in grasping the basic features, we first show some examples
of the solutions of E}j(¢) for several values of the ‘first’ parameter
Jo (see equation 42). In Fig. 3, the dotted, dashed and solid lines
correspond to j, = 0.04588, 0.02 and 0.01, respectively. Other
parameters are fixed at , = 1.0, psy = 1.0, L3 = 3.0 and
a=1.5.

For very small jj, the charge density (n. — n— term) in equation
(6) does not contribute. As a result, equation (6) gives

© 1999 RAS, MNRAS 308, 67-76
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Figure 3. Examples of longitudinal electric field E(x). The dotted, solid and dashed lines represent the solutions corresponding to j, = 0.0433, 0.02 and 0.01
respectively. Other parameters are fixed at Q, = 1.0, uyy = 1.0 and Lzs = 3.0 throughout the gap. x = 1.2 X 10*¢ cm.

approximately a quadratic solution, E(§) = Ej(0) — (A/2)§2,
which is represented by the solid line in Fig. 3.

However, as j, increases, E|(§) deviates from the quadratic
form to have a ‘brim’ at the boundaries. Finally, at a certain value
Jo = Jo» the derivative of E}; vanishes at the boundaries. In the case
of Oy = 1.0, pzy = 1.0, L3 = 3.0, j., equals 0.0433, for which
the solution is represented by the dotted line in Fig. 3. Above the
critical current density, j.,, there are no solutions satisfying the
2m + 6 boundary conditions presented in Section 2.5 (see fig. 2 of
Hirotani & Okamoto 1998).

It will also be useful to describe the Lorentz factor I'(¢). The
results are presented in Fig. 4; the parameters are the same as we
have chosen in Fig. 3. It is plain from this figure that the Lorentz
factor does not exceed 10°; therefore, the assumption that the -
ray photons are primarily produced via inverse Compton
scatterings is self-consistently satisfied (see equation A4 and the
discussion below).

3.2 Particle and y-ray fluxes

Let us devote a little more space to examining n+(§) and g+(§).
First, examples of n, (thick curves) and n_ (thin curves) are drawn
in Fig. 5. Parameters are chosen to be the same as in Fig. 3. We
can easily see that particles distribute symmetrically with respect
to £=0 in the sense that n,(¢) = n_(—¢). This is because the
small gap width (H < r.c) prevents the appearance of two-
dimensional effects (or transfield structure) in the Poisson
equation (see the explanation in Section 4.1 of Paper I).
Secondly, examples of log;o g, and log;og— are shown in Fig.
6. The thick curves denote the fluxes of g,, while the thin curves
denote those of g_. The y-ray distribution is also symmetric with
respect to £ = 0. The solid lines correspond to the lowest energy
bin, 1/€max < €, < 10?/€max, while the dashed and dash—dotted
lines correspond to 10?/€pax < €, < 10%/ €max> 10°/ €max < €, <
10*/€max = 5.11 X 10°,  respectively. Above the energy
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5.11 X 10°mcc?, no y-ray photons are produced, because all the
e” have energies less than this value, as indicated by the Lorentz
factors in Fig. 4. Current density is fixed at j, = 0.01. We can also
see from Fig. 6 that each e*/e™ produces N, = g, /ny ~ 6 y-ray
photons via IC scattering.

3.3 Dependence on the soft photon luminosity

In this subsection, we are concerned with the dependence of the
solutions on the second parameter, 77in n:) o< Lg. In Fig. 7 we
present the solutions of Ej(&). The dashed, solid and dotted lines
correspond to Lsg = 10.0, 3.0 and 1.0, respectively. Other
parameters are fixed at a = 1.5, j, = 0.01, Q, = 1.0, ps, = 1.0.

It is plain from Fig. 7 that the longitudinal electric field
increases with decreasing soft photon luminosity, L. This result is
deeply associated with the fact that H(= &, — &) is a decreasing
function of L, because the quadratic solution E) (&) = E;(0) —
(A/2)& gives E|(0) = AH? /8.

The results of H versus jy and L3¢ are summarized in Fig. 8. The
dashed, solid and dotted lines correspond to the cases of
L3s = 10.0, 3.0 and 1.0, respectively. Other parameters are fixed
at « =15, O, = 1.0 and py, = 1.0. This figure shows that H
increases with decreasing luminosity. Compared with Paper I, in
which y-ray photons are produced via curvature radiation, the
dependence of H on L, and hence E| on Ly, is very strong. This is
because the soft photon luminosity affects pair production alone if
y-rays are produced via curvature process but it affects both pair
and +y-ray production if they are produced via IC scattering.

The condition that the gap width should be much greater than
the IC mean free path is self-consistently satisfied for all of the
three cases. (If it were to break down, synchrotron radiation could
become important.) For example, gap width becomes ~ 0.035r.¢
for L3 = 10.0, while )qc ~ 0.00IrLc.

Integrating E); along the field line from &= & to &», we can
calculate the voltage drop, Vyop, in the accelerator. The results are



72 K. Hirotani and S. Shibata

2x10°
T T

1.5%10°
T T

Lorentz factor

5x10*
——

1

0

L
2000

xi (non—dimensional)

Figure 4. Examples of the Lorentz factor I'(£). The solid, dashed and dotted lines correspond to the same parameters chosen in Fig. 3. x = 1.2 X 103¢ cm.

Current density / G—J current density
0.02 0.03 0.04

0.01

xi (non—dimensional)

Figure 5. Examples of n,(£) (thick curves) and n_(£) (thin curves). The solid, dashed and dotted lines correspond to the same parameters chosen in Fig. 3.

x=12x103¢ cm.

summarized in Fig. 9. The solid line describes Vg,,(jo) for
L3¢ = 3.0, while the dashed and dotted lines are for L3g = 10.0
and 1.0, respectively. Other parameters are fixed at « = 1.5, (), =
1.0 and ps0 = 1.0.

This figure indicates that the voltage drop in the gap increases
with decreasing Lse. This conclusion is qualitatively consistent
with the results obtained in Paper 1. However, in the current paper
the luminous X-ray field, which reduces the pair-production mean
free path and hence the gap width, leads to a small voltage drop in
the gap, compared with Paper 1.

3.4 Dependence on the photon index

Let us finally investigate the relationship between the voltage drop
and the photon index, . We summarize the result in Fig. 10. The
solid line corresponds to V,up(jo) for a = 1.5, while the dashed
line is for a = 1.625. Other parameters are fixed at (), = 1.0,
L36 = 3.0 and M3y = 1.0.

It is plain that Vg, decreases with increasing o when L is
fixed. This is because the gap width, which essentially describes
the voltage drop, decreases with increasing number density of

© 1999 RAS, MNRAS 308, 67-76
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Figure 6. Examples of log;( g.(§) (thick curves) and log;o g—(€) (thin curves). The solid lines correspond to the lowest energy bin, while the dashed, dash—

dotted and dotted lines correspond to higher energy bins (see text for details). x

=12X103¢ cm.
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Figure 7. Longitudinal electric field Ej(x) in the case when j, = 0.01, O, = 1.0
corresponding to Lzs = 10.0, 3.0 and 1.0, respectively. x = 1.2 X 103¢ cm.

target photons, or equivalently with decreasing mean free path for
pair production.

4 DISCUSSION

In summary, we have developed a one-dimensional model for an
outer gap accelerator immersed in a luminous radiation field in

. + . . .
which e~ s lose their perpendicular momentum soon after their
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and 3, = 1.0. The dashed, solid and dotted lines represent the solutions

birth owing to inverse Compton (IC) scattering. As a result,
synchrotron radiation is not important in y-ray production. The
terminal Lorentz factor becomes (~ 1-3)X 10°, for which IC
scattering dominates curvature radiation in y-ray production. A e*
or e produces typically 10 y-ray photons that can materialize as
pairs. The pair-production mean free path, and hence gap width,
increases with decreasing background radiation field. What is
most important is that the voltage drop, Vg,p, is only 0.01 per cent
of the available electromotive force produced on the spinning
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Figure 8. Gap width (c/w,)H/r ¢ versus log;ojo. The solid line describes
the gap width for L3 = 3.0, while the dashed and dotted lines are for
L3 = 10.0 and 1.0, respectively. The filled circles indicate the points
where j, coincides with j.,, above which no solutions exist.

12 e 6 ———
10 e
Z 115
2,
N 1 Ls=3*1036erg/s
& 105
T Ty — -
10 10 ~ .
e

-3 275 -25 -225-2 -175 -1.5 -1.25
lng jo

Figure 9. log;o V,ap[ V] versus log;g jo. The solid line describes Viup(jo) for
L3¢ = 3.0, while the dashed and dotted lines are for L3zs = 10.0 and 1.0,
respectively. The filled circles indicates the points where j, coincides with
Jer @bove which no solutions exist.
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Figure 10. log;o Vyapl V] versus log;gjo. The solid line describes Vyup(io)
for @ = 1.5, while the dashed line is for a = 1.625. The filled circles
indicate the points where j, coincides with j,, above which no solutions
exist.

neutron star surface (~ 10'° V) even for the low-luminosity case
of Ly = 103 ergs™!. The voltage drop decreases with increasing
L,

Even though we have assumed an axial symmetry, the
discussion and results are not tied to the case of an aligned
rotator. This is because the gap structure is described by the local

soft photon field, current density and local magnetic field, which
appears through the expansion coefficient of pgj, A, in equation
(11). As the dense soft photon field is assumed to be isotropic,
collision angles and hence pair-production rate are independent of
the inclination between the rotational and magnetic axes. As a
result, the inclination affects the system through A alone, which is
well approximated by A = c¢/(wpR.) (equation 11) for a moderate
inclination. On these grounds, the essential properties demon-
strated in this paper are not tied to the aligned case.

We discuss the validity of the neglect of transfield dependence
in the Poisson equation. In CHR’s model, a very small transfield
thickness was hypothesized to avoid y-ray penetration into the
gap. However, in the present model, the transfield thickness can be
reasonably large (> 0.1r ¢, say), because the gap is maintained
when it is irradiated by <y-ray photons. Therefore, the smallness of
the longitudinal width, as indicated by Fig. 8, justifies the neglect
of transfield derivatives in the Poisson equation.

Let us next discuss the approximate expressions for n.(§),
Ey(&) and Vgp(jo). First, if we were to redraw Fig. 3 by
renormalizing the abscissa by b(j,) = H(j,)/2 and the ordinate
by jo, we would find that the distributions of n,(£/b)/j, and n_(&/
b)ljo for the three cases almost coincide. As an approximate but
general expression, we find

o[ € . ¢
ny > {b(jo) + 1 — esin {'rr b(jo)} }, 46)
& ¢
"2 { b(jy T e {“ b(jo)} } @7

where the small coefficient € = 0.09 has little dependence on jj,
O, Bs or L3¢. Amazingly, these approximate expressions are valid
not only when IC scattering dominates but also when curvature
radiation does. In other words, if we redrew Fig. 3 in Paper I on a
linear scale, we would find that expressions (46) and (47) are also
applicable.

Secondly, substituting expressions (46) and (47) into Poisson
equation (6), we obtain

E”:jo_bA(gz_bZH_M 1 +cos | 5 . (48)
™ b(jo)

2b(jo)
For j, = j.. = b(j..)A, E varies sinusoidally with ¢ as
€b(Jerer £
Ej=—""=11 . 49
N S T @)

Examples are presented by the dotted line in Fig. 3 of this paper
and in fig. 3 of Paper I. A slight deviation of the dotted lines from
the sinusoidal form represents the difference of the approximated
expressions (46) and (47) from the true profile.

Thirdly, integrating (48) over & from —b to b, we obtain the
voltage drop in the gap. The result is

. 2 5 .. . 3e.
Veap(o) = — gbz(l()) (Jcr —Jo+ ¥]o) . (50)
The gap width, 2b(jy), is presented in Fig. 9. Substituting typical
values of b(j,) and €= 0.09 into equation (50), we can

approximately compute the voltage drop, Vg, For very small
current densities jy << ji;, Vgap is kept constant at a value

2 5.
|Vgap| = Vinax = 5173(]0)’4 (51

We point out here that the gap width 2b(jy) is kept constant for
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small jo, as Fig. 8 indicates. On the other hand, at jj = ji;, [Vl
becomes minimum at the value

36.%193

|Vgap| = Vmin = ? 3 (](,r)A (52)

It follows that the ratio becomes

. 3
V min _ 35)( |:b(Jgr):| )

b(jo)

Equations (46)—(53) hold not only when the IC scattering
dominates but also when the curvature radiation dominates.

Let us finally check the validity of equation (53). As an
example, we consider the case of L3, = 3.0 and o = 1.5. In this
case, the numerical values of the gap width become

Vmax m

(53)

2b(jo) = 7.12 % 10%,  2b(j,,) = 1.06 X 10* (54)

in dimensionless units. Substituting these values into (53), we
obtain

Vmin

max

=~ (.28, (55)
where € = 0.09 is substituted. This value is roughly consistent
with the numerical value

Viin _ 3.82X 100V
Ve 1.30X 1011V

=0.293, (56)

which reinforces the validity of equations (46)—(48) and (50).
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APPENDIX A: RADIATION REACTION
FORCES

In this appendix, we show that IC scattering is the dominant
process in y-ray production. In the present paper, we consider a
luminous soft photon field such that U > 107 ergcm ™3, which is
applicable for gamma-ray pulsars such as the Crab. For such a
luminous X-ray radiation field, the radiation reaction force
resulting from curvature radiation is negligibly small compared
with that resulting from inverse Compton (IC) scattering. To see
this, let us take the ratio of P.u./Pic, where P, /c and Pic/c

© 1999 RAS, MNRAS 308, 67-76

denote the radiation reaction forces resulting from curvature
radiation and IC scattering, respectively. By estimating the typical
curvature radius of the magnetic field lines to be 0.5 ¢, we obtain
Pey _ 82T
=—.
c 3ric

(A1

The radiation reaction force resulting from IC scattering is given
by

Pic T'mec?
— =~ ¢Nsokn
c

> 50mec*Nyorr, (A2)

where ogn and o are the Klein—Nishina and Thomson cross-
sections, respectively. The inequality comes from the fact that

3
orn = 2T (In2Te, 4+ 0.5) ~ =~

8 I'e I'e (A3)

when I'e; > 1. Combining the foregoing equations, we have

Peury r\*
P < 0.67(106) Ly . (A4)
Remembering that equation (A2) is the severest estimate for the
lower limit of Pic/c, we can see from equation (A4) that curvature
radiation processes are negligible compared with IC processes
unless I' greatly exceeds 10°.

Let us next show that synchrotron radiation is negligible in a

luminous soft photon field such as U > 107 erg cm >, The IC
mean free path can be estimated as
A _
i: 1.33x 10 2L, 1 ;. (A5)
It follows that e™ lose their perpendicular momenta by IC
scattering before migrating a few per cent of r; c. However, their
longitudinal momenta will soon recover, owing to E| acceleration,
with acceleration length

Mace  Tmec® 1 (TN /ldb/dx\ 7,

o = 170x1073 | [ e— ] QL.

ric eld®/dx] ric (106)(108V/m 2
(A6)

As a result, after many scatterings, their pitch angles evolve to
such small values that synchrotron radiation is negligible.

It may worth noting that the acceleration length, A ..., which is
defined by equation (A6), is comparable with the gap width,
(c/lwp)H, for L3 = 10.0 (Fig. 8). Therefore, the assumption of
mono-energetic distribution of particle energy is marginally
satisfied for Lzg = 10.0. For less luminous cases (L3s < 10.0),
their larger gap width, which leads to larger E| and hence smaller
Aace, ensures the validity of the mono-energetic approximation,
because Ay < (¢/wp)H holds.

On these gounds, in the first-order approximation, we may
regard all the e™ as migrating with the same terminal Lorentz
factor calculated from equation (18).

APPENDIX B: EQUILIBRIUM LORENTZ
FACTOR

We demonstrate the method of deriving the function f(I',«r), which
appears in equation (18) and is depicted in Fig. 2. The momentum
transfer from a single e*/e” to a single photon in a scattering can
be approximated by

AP = l min(Tmec? e, Tmec?). B
c

For small T, the energy transfer will be proportional to T'> on
average, while for large I it saturates at the kinetic energy of the
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particle. Multiplying the collisional frequency in (B1), we can
evaluate the drag force resulting from IC scattering as

1 1/r dn. €max dN.
—Pic = J de,— onlPmecte, + J de,— onImec?.
c de 1T de

€min

(B2)

We implicitly assumed here that I" is not too large to satisfy
I€nn >T. In other words, equation (B2) is valid for
I' <€l =5.11%x10° Substituting the expression for the
Klein—Nishina cross-section (equation 31), and equating Pic/c
with eld®/dx|, we obtain the numerical results presented in Fig. 2.
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